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Semimetals exhibiting nodal lines or nodal surfaces represent a novel class of topological states
of matter. While conventional Weyl semimetals exhibit momentum-space Dirac monopoles, these
more exotic semimetals can feature unusual topological defects that are analogous to extended
monopoles. In this work, we describe a scheme by which nodal rings and nodal spheres can be
realized in synthetic quantum matter through well-defined periodic-driving protocols. As a central
result of our work, we characterize these nodal defects through the quantum metric, which is a
gauge-invariant quantity associated with the geometry of quantum states. In the case of nodal
rings, where the Berry curvature and conventional topological responses are absent, we show that the
quantum metric provides an observable signature for these extended topological defects. Besides, we
demonstrate that quantum-metric measurements could be exploited to directly detect the topological
charge associated with a nodal sphere. We discuss possible experimental implementations of Floquet
nodal defects in few-level atomic systems, paving the way for the exploration of Floquet extended
monopoles in quantum matter.
Introduction. Topological states of matter play a cen-
tral role in modern condensed matter physics, and they
are currently under active exploration in diverse physical
settings, including the solid state [1], gases of ultracold
atoms [2], photonics [3] and mechanics [4]. These topo-
logical systems can be classified into two main categories:
gapped and gapless phases. While the former class in-
cludes topological insulators and superconductors, but
also quantum Hall states [5–7], the latter class concerns
topological semimetals (e.g. Weyl, Dirac and nodal-line
semimetals), which have been intensively investigated in
the recent years [8–18]; besides, topological phases with
nodal surfaces have also been theoretically proposed [19–
23]. These gapless systems can display remarkable prop-
erties, such as Fermi arcs or drumhead surface states on
the boundaries, and momentum-space Dirac monopoles
in the bulk.
It was proposed in Refs. [24–26] that two-band
semimetals with a nodal line could be realized through
Floquet engineering; such a scenario was recently imple-
mented in ultracold atoms using Raman-induced spin-
orbit coupling in an optical lattice [27]. Two-band
semimetals, as defined in three spatial dimensions, are
fully characterized by a Z2 Berry phase around the
nodal line. However, there exist more exotic nodal line
semimetals, supported by four-band models, in which
a nodal ring exhibits a Z2 Berry phase and is further
characterized by a Z2-monopole charge [12, 28, 29]; this
additional topological property substantially enhances
the robustness of such nodal rings, as compared to
the nodal rings of two-band models. More recently,
these gapless phases have been related to novel three-
dimensional higher-order topological insulators support-
ing hinge states [30]. Interestingly, the bands under-
lying these phases always have zero Berry curvature.
This implies that optical, thermal or electric bulk re-
sponses are lacking in these settings, due to the direct
relation of these observables to the Berry curvature. Im-
portantly, besides the Berry curvature, there exists an-
other gauge-invariant quantity associated with the ge-
ometry of quantum states, namely, the quantum met-
ric [31, 32]. It is known to play a role in various con-
texts and phenomena, including the magnetic suscepti-
bility [33], superconducting weight [34], non-Abelian ge-
ometric phases [35, 36], quantum chains [37], topologi-
cal insulators [38], steady-state Hall response in driven-
dissipative lattices [39], semiclassical equations for trans-
port [40–42] and bulk incompressibility in fractional
quantum Hall states [43]. It has been recently shown
that the quantum metric also carries information about
the topological charge (Z-monopole) of Weyl and higher-
dimensional topological semimetals [44]. The quantum
metric can be directly measured through dissipative re-
sponses in quantum-engineered matter, as was proposed
in Ref. [45, 46]; see also Refs. [47, 48] for recent quantum-
geometry measurements in NV centers and supercon-
ducting qubits. Similarly to the Berry curvature, the
quantum metric can be applied, in principle, to charac-
terize periodically-driven (Floquet) systems; see Ref. [49],
where the integrated quantum metric (or Wannier-spread
functional) was measured in a shaken optical-lattice ex-
periment.
The aim of this Letter is twofold. First, we pro-
pose how to Floquet-engineer a nodal ring carrying a
Z2-monopole charge, and a nodal sphere carrying a Z-
monopole charge. Second, we show that the quan-
tum metric uniquely characterizes nodal rings and nodal
spheres, and thus that it represents a direct physical sig-
nature for these unusual topological defects. A measure-
ment of the quantum metric can therefore provide a di-
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2rect signature of topological nodal objects, which could
complement spectroscopic measurements [50].
Specifically, we consider a generic four-level system
with three independent parameters, supporting a 3D
Dirac point. Inspired by Ref. [51], we show that the
Dirac point expands into a ring upon a suitable driving
protocol; the corresponding radius is then determined
by the drive parameters. In fact, the effective (Floquet)
Hamiltonian [52–55] then corresponds to the static model
introduced in Ref. [12] to describe nodal line semimetals.
We then show how a modification of the driving protocol
can lead to an effective nodal sphere characterized by a
Z topological invariant [22]. These inflated monopoles
appear in cosmological models [56, 57] and have been re-
cently proposed in condensed-matter physics in free [22]
and interacting fermionic systems [23], novel supercon-
ductors [20] and non-Hermitian models [58]. Our work of-
fers a simple but powerful scheme by which dynamically-
induced nodal rings or nodal spheres can be created, and
paves the way for the characterization of these topologi-
cal defects through the quantum metric.
Floquet nodal lines. We show how nodal lines can be
dynamically induced through time-periodic driving in a
three-dimensional parameter space. We start by consid-
ering a 3D Dirac Hamiltonian given by
H3D = vD (Γ
xqx + Γ
yqy + Γ
zqz) , (1)
where vD is the Dirac velocity, and where the momenta
qx,y,z span the parameter space. The 4×4 Dirac matrices
are Γx = σy ⊗ σy, Γy = I ⊗ σx, Γz = −σz ⊗ σy, where
σi denote the 2 × 2 Pauli matrices and where I is the
2× 2 identity matrix. This Hamiltonian is PT symmet-
ric (where P is the inversion and T is the time-reversal
symmetry) such that the Dirac point is characterized by a
Z2 monopole related to a real Berry bundle [10, 59]. The
Hamiltonian in Eq. (1) is then subjected to the following
time-periodic drive:
Hd(t) = AΓ
5 sin(ωt) +AΓx cos(ωt), (2)
where A is the amplitude and ω is the frequency of the
drive, while the matrix Γ5 is defined as Γ5 = σx⊗ σy. In
the following, we assume that the drive energy quantum
~ω is very large compared to all other energy scales in
the problem, namely, ~ω  qcvD, where the character-
istic momentum qc is to be specified below Eq. (6). We
henceforth set ~=1, except otherwise stated.
The total time-dependent Hamiltonian, and the cor-
responding effective (Floquet) Hamiltonian [52–55], are
respectively defined as
HRing(t) = H3D +Hd(t), (3)
HRingF =
i
T
log
[
T e−i
´ T
0
dtHRing(t)
]
. (4)
The Floquet Hamiltonian can be systematically ex-
panded in powers of 1/ω, using standard procedures [52–
(a)
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FIG. 1. (a) The quasi-energy band structure as computed
from the full Floquet Hamiltonian in Eq. (4), for qx = q
∗
x = 0,
and ω/A = 10. These Floquet bands are in good agreement
with the quasi energies found in Eq. (6). The two middle
bands touch in a nodal line (ring) of radius ρ = A2/vDω,
shown in red. (b) The quasi-energy bands for qx = q
∗
x =
0, and ω/A = 2. The structure is more complicated, and
deviates from Eq. (6).
55]; up to first order in 1/ω, this reads
HRingF ' HRingeff ≡ H3D + i
A2
ω
Γ5Γx. (5)
The quasi-energies of the Hamiltonian in (5) are
ε1,2,3,4(q) = ±vD
√
q2x +
(√
q2y + q
2
z ± ρ(ω)
)2
, (6)
where ρ(ω) ≡ A2/vDω. The spectrum is zero for qx =
q∗x = 0 and q
2
y + q
2
z = ρ
2: this second condition identifies
a spectral nodal ring in the qy − qz plane. Importantly,
the ring radius ρ = qc defines the relevant characteristic
momentum in this setting; consequently, one expects this
Floquet-induced topological feature to be well defined in
the regime ω  vDρ.
We calculate the quasi-energy band structure from
the full Floquet Hamiltonian HRingF defined in Eq. (4),
and show two representative spectra in Fig. 1. As an-
ticipated from the discussion above, one finds that the
quasi-energies are well described by the approximate
spectrum in Eq. (6) whenever ω  vDρ, namely, for
ω/A  √2. This “high-frequency” regime is illustrated
in Fig. 1(a), where the radius of the nodal ring (high-
lighted in red) agrees well with the theoretical prediction
ρ = A2/vDω. Figure 1(b) illustrates the “low-frequency”
regime, ω ∼ vDρ, where higher-order corrections to the
effective Hamiltonian in Eq. (5) lead to important mod-
ifications of the spectrum. In particular, band-touching
events at the boundary of the Floquet-Brillouin zone
(ε = ±ω/2) produce an additional nodal ring; we note
that this “anomalous” nodal defect forms a nodal sphere
in the full 3D parameter space.
While the energy bands in Eq. (6) are all associated
with zero Berry curvature, the nodal line illustrated in
Fig. 1(a) carries a Z2 monopole charge [12]; this can be
derived from the second Stiefel-Whitney invariant defined
3(a)
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FIG. 2. The non-zero components of the quantum metric in
Eq. (7) at qx = q
∗
x: (a) gxx, (b) gyy, (c) gyz, and (d) gzz.
on a unitary sphere that wraps the ring [28]. Besides, a
direct identification of this topological invariant can be
obtained by calculating a Wilson loop (associated with
the touching bands) around the ring [28]; we note that
Wilson loops can be measured through interferometry in
cold-atom setups [60]. The absence of Berry curvature in-
dicates that such topological defects cannot be signaled
through standard topological responses [8]. In the fol-
lowing, we investigate the non-vanishing quantum met-
ric associated with the band structure; we show that this
observable quantity, which can be extracted from dis-
sipative responses [47–49], can indeed provide a direct
signature for topological nodal rings.
In general, the three-dimensional quantum metric re-
lated to nodal lines is rather complicated. Here, we sim-
plify the analysis by restricting the calculation of the
quantum metric on the q∗x-plane that contains the nodal
ring. We find that the metric associated with the band
ε2(qy, qz; q
∗
x), i.e. the band containing the nodal ring, is
given by
gxx|q∗x =
1
4
(√
q2y + q
2
z − ρ(ω)
)2 , gyy|q∗x = q2z4(q2y + q2z)2 ,
gzz|q∗x =
q2y
4(q2y + q
2
z)
2
, gyz|q∗x = −
qyqz
4(q2y + q
2
z)
2
,
gxy|q∗x = gxz|q∗x = 0. (7)
We note that the components gyy|q∗x , gzz|q∗x and gyz|q∗x
coincide with the quantum metric of a 2D Dirac cone.
In this sense, the component gxx|q∗x is the only projected
component of the quantum metric that distinguishes the
nodal ring in the q∗x-plane from a generic 2D Dirac cone;
see Fig. 2, which displays the non-zero components of
the quantum metric in Eq. (7). In particular, we ob-
tain an explicit relation between the instructive compo-
nent gxx|q∗x and the projected quasi-energies (including
the nodal ring):
ε2,3(q)|q∗x ≡ ±
vD
2
√
gxx|q∗x
. (8)
This signature of the nodal ring is directly visible in
Fig. 2(a); we note that gxx diverges on the ring, i.e. when
q2y + q
2
z = ρ
2. Consequently, performing a quantum-
metric tomography in the projected parameter space –
for instance, by measuring dissipative responses upon
parametric modulations [45] – would offer a direct signa-
ture of the topological nodal ring. As a technical remark,
we point out that such quantum-geometric measurements
rely on preparing the system in a gapped state, i.e. away
from the ring where the component gxx|q∗x diverges. How-
ever, the existence of the nodal ring will still be reflected
through a reconstruction of the quantum metric over the
q∗x-plane.
Floquet nodal surfaces. We now show how to generate
a nodal sphere starting from the model in Eq. (1). We
consider the time-dependent Hamiltonian HSphere(t) =
H3D + H
′
d(t), in which the driving term H
′
d(t) now has
the modified form
H ′d(t) = AΓ
5 sin(ωt) +AΓ4 cos(ωt), (9)
with Γ4 = −σz⊗σy. Up to first-order in 1/ω, the Floquet
Hamiltonian reads
HSphereF ' HSphereeff ≡ H3D + i
A2
ω
Γ5Γ4. (10)
Its quasi-energy spectrum is
ε1,2,3,4(q) = ±vD
√
q2x + q
2
y + q
2
z ± ρ(ω), (11)
where the characteristic momentum ρ(ω) = A2/vDω is
defined as before. In this setting, the spectrum is zero
on the surface q2x + q
2
y + q
2
z = ρ
2, which identifies a nodal
sphere embedded in 3D parameter space. We point out
that such nodal spheres have been recently considered
in the context of 3D nodal-surface semimetals, where
the associated topological invariant was shown to be a
Z number [22]. This classification is due to the break-
ing of time-reversal symmetry, which allows the nodal
sphere to be characterized by a first Chern number (re-
sulting from a non-zero Berry curvature), similarly to the
nodal point of standard Weyl-type semimetals. Inspired
by Ref. [44], we now discuss how this topological charge
can be directly detected from the quantum metric.
We calculate the quantum metric in an eigenstate of
4HSphereeff , and find the non-zero components
gxx =
q2y + q
2
z
4
(
q2x + q
2
y + q
2
z
)2 , gyy = q2x + q2z
4
(
q2x + q
2
y + q
2
z
)2 ,
gzz =
q2x + q
2
y
4
(
q2x + q
2
y + q
2
z
)2 , gxy = − qxqy
4
(
q2x + q
2
y + q
2
z
)2 ,
gxz =− qxqz
4
(
q2x + q
2
y + q
2
z
)2 , gyz = − qyqz
4
(
q2x + q
2
y + q
2
z
)2 .
Interestingly, in contrast with the quantum metric asso-
ciated with the nodal ring [Eq. (7)], we find that these
components are all independent of the radius ρ(ω) of the
nodal sphere. However, as for the Weyl-type cases dis-
cussed in Ref. [44], we obtain a direct relation between
these quantum-metric components and those of the Berry
curvature Ωµν ,
Ωµν = µν (2
√
g¯) = µνλ
qλ
2(q2x + q
2
y + q
2
z)
3/2
, (12)
where g¯= det gµ¯ν¯ is the determinant of the 2 × 2 quan-
tum metric tensor defined in the proper 2D subspace
(e.g. µ¯, ν¯ = {qx, qy} for the calculation of Ωxy). This
indicates that the topological charge of the nodal sphere
can be directly evaluated from the quantum metric, Q =
1
2pi
´
S2
Ω = 12pi
˜
µν (2
√
g¯)dqµdqν ; this result highlights
the fact that the nodal sphere can be interpreted as an
“inflated monopole” source of Berry curvature field [23].
Experimental implementation. We hereby discuss
possible experimental implementations of Floquet-
induced nodal rings and nodal spheres in quantum mat-
ter. Inspired by a recent realization of the Yang monopole
with ultracold atoms [61], we consider a four-level atomic
system described by the following Hamiltonian
Hatom =

E1 Ω12(t) 0 Ω14(t)
Ω12(t) E2 Ω23(t) 0
0 Ω23(t) E3 Ω34(t)
Ω14(t) 0 Ω34(t) E4
 , (13)
where {Ei} are the energies of the four levels, and where
Ωij(t) = Ωij cos(ωijt + φij) are the driving fields that
couple the i-th and the j-th level, with amplitude Ωij ,
frequency ωij and phase φij . The Hamiltonian H3D in
Eq. (1) can then be realized from Hatom, in the rotating
wave approximation (RWA), upon choosing Ω14 = Ω23 =
ΩB , Ω12 = Ω34 = ΩA, ω12 = E2 − E1, ω23 = E3 − E2,
ω34 = E4 − E3, ω14 = E4 − E1, and φ12 = −φ34 =
φA, φ23 = pi − φ14 = 0; the mapping H3D → Hatom
is eventually obtained upon the parametrization ΩB →
2vDqx and ΩAe
±iφA → 2vD(qy ± iqz). Here, we neglect
any detuning from resonance (ωij = Ej − Ei + δ, with
δ → 0).
Besides, we note that the periodic driving defined in
Eq. (2) can be designed by slowly modulating the am-
plitude of the Rabi frequency ΩB according to ΩB →
ΩB+A cos(ωt), where ω  ωij . Upon applying the RWA,
the total time-dependent Hamiltonian then becomes
HRingRWA(t) =
1
2
× 0 ΩAe
iφA 0 −ΩB−A2 eiωt
ΩAe
−iφA 0 ΩB+A2 e
iωt 0
0 ΩB+
A
2 e
−iωt 0 ΩAe−iφA
−ΩB−A2 e−iωt 0 ΩAeiφA 0
 , (14)
which is equivalent to HRing(t) in Eq. (3) upon the afore-
mentioned parametrization. We point out that similar
driven few-level systems were also studied in NV cen-
ters [47] and superconducting circuits [48] in view of mea-
suring the quantum metric.
On the other hand, the implementation of 3D nodal
spheres would require the realization of the following
RWA Hamiltonian
HSphereRWA (t) =
1
2
× (15) A cos(ωt) ΩAeiφA 0 −ΩB−iA sin(ωt)ΩAe−iφA −A cos(ωt) ΩB−iA sin(ωt) 0
0 ΩB+iA sin(ωt) A cos(ωt) ΩAe
−iφA
−ΩB+iA sin(ωt) 0 ΩAeiφA −A cos(ωt)
 ,
The Hamiltonian in Eq. (15) is indeed equivalent to
HSphere(t) upon the same parametrization as above.
The quantum metric can be extracted in these models,
by following the protocol of Ref. [45], namely, by mon-
itoring excitation rates of initially-prepared eigenstates
upon suitable parametric-modulations; see Refs. [47, 48]
for recent experimental implementations of this protocol
in qubits, and Refs. [49, 62] for quantum-metric measure-
ments in two-band systems.
Conclusions and outlooks. This work introduced a
scheme by which nodal rings and nodal spheres can be
generated in Floquet-engineered quantum systems. Be-
sides, we have shown that the quantum metric captures
the geometric and topological features of these nodal de-
fects, as characterized by Z2 and Z invariants, respec-
tively. In this sense, our approach offers a direct method
by which Floquet nodal lines and nodal surfaces can be
detected through quantum-metric measurements. Be-
sides direct applications in quantum-engineered systems,
our work suggests several possible extensions, such as the
implementation of tilted (type-II) nodal lines in three
dimensions [63] and topological nodal lines and nodal
spheres in higher dimensions. We also emphasize that,
in contrast with solid-state realizations of nodal lines, the
quasi-energy spectrum of Floquet systems can give rise
to anomalous nodal spheres located at the boundary of
the Floquet-Brillouin zone [Fig. 1], which could lead to
unusual correlated states upon adding inter-particle in-
teractions [64].
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